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ABSTRACT A mathematical model based on receptor-ligand interactions at a cell surface has been modified and further
developed to represent heterogeneous DNA-DNA hybridization on a solid surface. The immobilized DNA molecules with
known sequences are called probes, and the DNA molecules in solution with unknown sequences are called targets in this
model. Capture of the perfectly complementary target is modeled as a combined reaction-diffusion limited irreversible
reaction. In the model, there are two different mechanisms by which targets can hybridize with the complementary probes:
direct hybridization from the solution and hybridization by molecules that adsorb nonspecifically and then surface diffuse to
the probe. The results indicate that nonspecific adsorption of single-stranded DNA on the surface and subsequent two-
dimensional diffusion can significantly enhance the overall reaction rate. Heterogeneous hybridization depends strongly on
the rate constants for DNA adsorption/desorption in the non-probe-covered regions of the surface, the two-dimensional (2D)
diffusion coefficient, and the size of probes and targets. The model shows that the overall kinetics of DNA hybridization to
DNA on a solid support may be an extremely efficient process for physically realistic 2D diffusion coefficients, target
concentrations, and surface probe densities. The implication for design and operation of a DNA hybridization surface is that
there is an optimal surface probe density when 2D diffusion occurs; values above that optimum do not increase the capture
rate. Our model predicts capture rates in agreement with those from recent experimental literature. The results of our analysis
predict that several things can be done to improve heterogeneous hybridization: 1) the solution phase target molecules should
be about 100 bases or less in size to speed solution-phase and surface diffusion; 2) conditions should be created such that
reversible adsorption and two-dimensional diffusion occur in the surface regions between DNA probe molecules; 3) provided
that 2) is satisfied, one can achieve results with a sparse probe coverage that are equal to or better than those obtained with
a surface totally covered with DNA probes.
INTRODUCTION
Hybridization, or pairing, of complementary biomolecules
is a basic principle of molecular biology used in methods
such as Southern and Northern blotting and in nucleic acid
amplifications such as the polymerase chain reaction (PCR).
Such hybridization can take place in solution or with one
molecule of the pair attached to a solid phase. Traditionally,
solid-phase hybridizations are conducted on nitrocellulose
or nylon membranes and are time consuming because of the
time needed to achieve detectable hybridization and the
need to extensively wash off nonspecifically bound mole-
cules. Hybridization of DNA from free solution to an array
of many different immobilized DNA probes on a surface in
microscopic spots is very new but is potentially one of the
most promising analytical techniques in molecular biology.
From such an array, in theory, the identity or sequence of an
unknown DNA target can be distinguished by the patterns
of hybridized molecules. In keeping with the emerging
convention for immobilized arrays, the known immobilized
DNA molecules are called probes and the unknown DNA
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molecules in the solution are called targets. Targets are
usually labeled either directly with fluorescent or radioac-
tive molecules or indirectly with conjugates that then bind
fluorescent, chemiluminescent, or radioactive molecules.
During the past few years, considerable work has been done
on the development of practical devices based on this prin-
ciple for disease diagnosis and large-scale genome sequenc-
ing (Chetverin and Kramer, 1994; Eggers et al., 1994;
Jacobs and Fodor, 1994; Lamture et al., 1994; Maskos and
Southern, 1992, 1993; Mirzabekov, 1994; Pease et al.,
1994; Southern et al., 1994). This new technology has the
potential to replace traditional techniques because it is less
labor intensive and uses less of the expensive DNA probe
material.
Advances in solid-phase synthesis have allowed research-
ers to attach biomolecules like DNA oligonucleotides or
peptides to solid surfaces and create dense patterns of spe-
cific diverse molecules on a single surface (Chrisey et al.,
1994; Jacobs and Fodor, 1994; Maskos and Southern, 1992;
Pease et al., 1994; Southern et al., 1994). Several groups
have constructed oligonucleotide arrays with as many as 105
different types of DNA molecules on a single silicon or
glass surface (Pease et al., 1994; Southern et al., 1994).
They demonstrated that these arrays of DNA were capable
of detecting a single base mismatch of fluorescently tagged
or radioisotopically labeled complementary DNA targets.
All of these published studies utilized short DNA molecules
both as solution targets and as immobilized probes, and
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focused mainly on experimental aspects of DNA-DNA hy-
bridization such as hybrid detection and surface chemistry.
There is, however, a lack of knowledge about fundamental
aspects of heterogeneous hybridization, such as the kinetics
of diffusion and adsorption of DNA molecules on solid
supports. As a result, a more quantitative understanding of
this process would give molecular biologists and engineers
more information for designing a better system in terms of
efficiency and selectivity. For the desired genetic analysis to
be done accurately and efficiently, the detailed physical and
chemical parameters governing the combined transport and
reaction processes must be understood more completely.
Practical questions in the design and use of immobilized
probe arrays include: What probe density is optimal? How
big should the probes and targets be? What degree of
nonspecific adsorption is permissible? and, What concen-
tration of target is best? The critical question is how these
parameters will influence the capture (or hybridization) rate.
Many other important biological processes involve the
interaction of solutes and surfaces. These include biological
events such as cell signaling after ligand-receptor interac-
tions and biotechnology applications such as substrate
cleavage by immobilized enzymes. Recent mathematical
models of ligand-receptor binding are summarized by
Lauffenburger and Linderman (1993). We turned to the
body of theoretical knowledge in these fields as an initial
point for models of DNA hybridization. For the last 26
years, theoretical and experimental researchers have been
interested in how the reduction of dimensionality (RD)
enhances the rate of capture on a surface as originally
proposed by Adam and Delbruck (1968) in their seminal
paper. They hypothesized that nonspecific adsorption of
molecules on a surface and the subsequent two-dimensional
(2D) diffusion to the capture site can enhance the overall
capture rate. When one partner in a bimolecular reaction is
immobilized on a surface, the rate of capture will in general
depend on events in the bulk (three dimensions) as well as
on the surface (two dimensions), and on the relative ratio of
solute diffusion to the intrinsic reaction rate. The predicted
capture rate can be approached by consideration of several
published theories (Berg and Purcell, 1977; DeLisi, 1980;
Wang et al., 1992): 1) the maximum capture rate, that to a
surface that is uniformly reactive and a perfect sink (Berg
and Purcell, 1977); 2) capture by a surface with dispersed
small capture sites which act as perfect sinks (Berg and
Purcell, 1977; Wang et al., 1992); 3) capture by a surface
with dispersed small capture sites with intrinsic reaction
limitation (Axelrod and Wang, 1994). In those physical
situations with dispersed small capture sites, the presence or
absence of surface diffusion mediated by nonspecific ad-
sorption to non-capture site regions of the surface can be
explicitly included in the predicted reaction rate.
Axelrod and Wang (1994) recently developed a com-
bined reaction-diffusion rate-limited model for ligand-re-
ceptor interactions that occur on a cell surface. Their theory
was based on the Brownian nature of a ligand's motion and
surfaces. Although the authors (Axelrod and Wang, 1994)
identified the model as reaction limited, it is actually a
hybrid between a diffusion- and reaction-controlled model
because the overall kinetics of the binding are sensitive to
both the reaction and surface diffusion rates. Their model is
similar in nature to the modified Smoluchowski theory
reviewed by Torney and McConnell (1983) and applied by
Gaspers et al. (1995) in their data analysis, which described
(2D) reaction between two reactants as a combination of the
surface diffusion rate and the intrinsic reaction rate.
We have modeled the biophysical situation in heteroge-
neous DNA-DNA hybridization to predict capture rates
based on the literature of receptor-ligand interactions. In
particular, because of the evidence that there is an intrinsic
reaction limitation, we apply and extend the Axelrod and
Wang model (subsequently referred to as AW) to DNA
hybridization. We then compare capture rate predictions
with those from other models. In contrast to AW, our
theoretical model explicitly varies the size of the interacting
molecules (DNA in our case) both in solution and on the
surface and correlates the experimental hybridization rate
with measurable parameters such as the surface diffusion
coefficient, equilibrium adsorption constant, and the non-
specific adsorption/desorption rates, all of which depend on
the DNA size. We define an optimal surface probe density.
Finally, we compare our model results with recent data from
the literature (Maskos and Southern, 1992) and show agree-
ment between the two.
THEORY AND DEFINITIONS
Model and assumptions
An overview in the reaction-diffusion process in heteroge-
neous DNA hybridization is shown in Fig. 1. The diagram
indicates that hybridization can occur either directly through
three-dimensional (3D) diffusion from free solution to the
probe or through nonspecific reversible adsorption from
free solution to regions not covered with immobilized DNA,
followed by 2D diffusion of the target to the probe. The
nonspecific adsorption rate (ka, cm/s) and desorption rate
(kd, s- 1) together uniquely define an adsorption equilibrium
constant (Ke, cm).
The assumptions in this combined diffusion-reaction lim-
ited model of heterogeneous DNA-DNA hybridization in-
clude the following: 1) The surface is covalently linked to a
fixed number of probe DNA molecules that are equally
spaced and exposed to the same chemical environment.
2) Each of the immobilized DNA molecules reacts irrevers-
ibly with only one complementary DNA target from free
solution. 3) The number of available probes is constant
throughout the hybridization and is independent of the re-
action rate. Assumption 3 appears valid if one is interested
in the initial (maximal) rate of hybridization. 4) The surface
is an infinite flat plate that is H cm away from a DNA
source of a fixed and finite concentration (i.e., there are no
the nonspecific adsorptionldesorption of ligands on the cell
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adsorbed DNA targets is well below a monolayer, so that
the lateral interactions between the adsorbed molecules can
be neglected. It was reported by Tilton et al. (1990a) that the
2D diffusion coefficient of proteins strongly depends on
their concentration at the surface.
The detailed mathematical and physical arguments of the
reaction-limited model follow those of Axelrod and Wang
(1994) and are summarized in Appendix A. The use of the
initial rate to model heterogeneous hybridization is strongly
supported by the experimental methods used by several
experts in heterogeneous hybridization on glass and silicon
surfaces. Pease et al. (1994) detected fluorescence signals
from heterogeneous hybridization by applying a hybridiza-
tion mixture with labeled DNA targets to immobilized oli-
gonucleotide surfaces at 15°C for 15 min. Lamture et al.
(1994) as well as Maskos and Southern (1992, 1993) de-
tected a radioactive signal from hybridization at a lower
temperature of 4°C for 0.5-2 h (with duplex density of 1.5
X 109-4.3 X 10'° molecules/cm2). From their experimental
measurements, they showed that the final concentration of
hybridized molecules on the surface ranged from 0.017% to
4.4%. These results showed that a low fractional degree of
hybridization is sufficient for detecting hybridized mole-
cules in clinical applications. Furthermore, rapid results
would greatly extend the range of applications relative to
the classical method of Southern blotting, which often takes
24 h or more.
In heterogeneous DNA-DNA hybridization, each DNA
molecule immobilized on the surface as a probe can react to
completion with only one complementary DNA molecule
from free solution. Experimental evidence indicates that
DNA-DNA hybridization in free solution and on surfaces is
often a reaction rate-limited process (Bloomfield et al.,
1974; Meinkoth and Wahl, 1984; Wetmur, 1991; Wolf
et al., 1987). One group measured a rate constant for oli-
gonucleotide association in solution to be about 4 X 106
M-1 s-1, which was two to three orders of magnitude
smaller than the diffusion-limited rate (Bloomfield et al.,
1974). Another group (Parkhurst and Parkhurst, 1995) ap-
plied fluorescence resonance energy transfer to study the
hybridization rate between a 16 mer and its complement in
solution and determined a rate constant of 5.7 X 105 M-1
s-1, which is four orders of magnitude smaller than the
estimated diffusion-limited rate of 8.9 X 109 M-1 s-1.
When one of the two complementary oligonucleotides is
immobilized, it is likely that the steric limitations will cause
the process to be even more reaction rate limited than in
solution. Very few data on heterogeneous hybridization
exist. From a study of heterogeneous hybridization on ni-
trocellulose membranes at high solution concentrations of
DNA, the kinetics were found to be first order in the
immobilized DNA concentration by one group (Meinkoth
and Wahl, 1984). This implies a reaction-limited situation.
The following specifications are particular to DNA hy-
bridization. First, the surface is assumed to possess two
types of sites, namely a region where DNA can adsorb on
the target DNA and a nonspecific adsorption/desorption
region. Each immobilized DNA molecule is assumed to
occupy a semispherical region of radius Ra and to be sepa-
rated from neighboring molecules by a distance Rb. Rb can
be calculated directly from the surface density of immobi-
lized DNA assuming a regular square array of DNA on the
surface:
Rb=C= X 4
where C. is the concentration of immobilized DNA probes
on the surface (molecules/unit area), which can be mea-
sured, for example, by radioactivity, using a gas phase array
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detector (Lamture et al., 1994). In our calculations, Rb was
varied from a minimum value of 2Ra, which indicates the
closest packing ofDNA on a surface, to a maximum of 0.01
cm, which indicates a very low surface concentration of
immobilized DNA. The definition of completed hybridiza-
tion in this model is similar to that of successful collision
rate defined by Axelrod and Wang (1994) in ligand-receptor
binding on cell surfaces. It is the collision between the target
DNA molecules and the immobilized probe DNA molecules
that leads to an irreversible binding (under the given exper-
imental conditions) between them through Watson-Crick
base interactions. The process of two-dimensional diffusion
is well recognized in biological systems such as cell mem-
branes as well as on man-made materials (Burghardt and
Axelrod, 1981). Several research groups successfully mea-
sured the lateral mobility of synthetic lipids on cell mem-
branes (Kubitscheck et al., 1994) and proteins on various
substrates (Burghardt and Axelrod, 1981; Gaspers et al.,
1994; Tilton et al., 1990a). Nevertheless, there is still con-
troversy about the effect of 2D diffusion on the actual rate
of reactions in immobilized enzyme systems and its role in
physiological functions at the cellular level. The existence
of nonspecific DNA adsorption has been shown experimen-
tally by several researchers (Boyle and Lew, 1994;
Chetverin and Kramer, 1994; Eggers et al., 1994; Lamture
et al., 1994; Maskos and Southern, 1992, 1993; Pease et al.,
1994; Southern et al., 1994; Vogelstein and Gillespie,
1979).
Model parameters
Three parameters were defined and studied by AW: the
two-dimensional (2D) fraction f, the reduction of dimen-
sionality (RD) enhancement -, and the global efficiency -y.
We specifically modified these for the case of heteroge-
neous DNA hybridization and have extended the model to
define another equation, a scaling correlation for the design
of an optimal system.
The first important parameter is the 2D fraction f2,
which is the ratio of the hybridization rate on a surface due
to lateral diffusion F2D (moles/probe-s) to the total hybrid-
ization rate from both surface and solution phase processes
Ft (moles/probe-s):
Fiff_2 (2)
f~~~~~~~f2=F(16)cr)X2(2)(
(3)
+1 8X2D2Ra a -'
A second important parameter in heterogeneous hybridiza-
tion is the reduction of dimensionality (RD) enhancement
factor , which is the ratio of the total reaction rate with
2D diffusion to the rate when D2 is set equal to zero:
2( R2sH
1 +2( Rb3 (-f (4)
where H is the distance from the surface at which the target
concentration is at its bulk value.
One of the most basic and interesting questions about
heterogeneous hybridization is how well it compares to the
hybridization rate of targets to a uniformly reactive surface.
A comparable question was posed by Berg and Purcell
(1977) in receptor-ligand interactions. This can be answered
by the third parameter, global efficiency. Global efficiency
compares the total hybridization rate per probe with the
capture rate Fm that would occur if the entire glass or silicon
surface were a perfect sink:
Ftrr ( 2(1-2 )Rbc3 -<
yr= Fm 3R2X3H =1 5
The closer the global efficiency is to unity, the closer the
hybridization rate is to the maximum attained with a uni-
formly reactive surface. In other words, it describes how
closely a dispersed array of a small number of targets comes
to the maximal capture rate.
Principal values for DNA-DNA hybridization
To calculatef2, 7, and y, we need to consider uJ, X Dn, 1Ke
Rb, Ra, and kd. These are several parameters in the 2D
fraction that find direct application in hybridization and are
worth examination. It must be noted that there are at present
no data on diffusion or Brownian motion ofDNA molecules
in two dimensions, so we have assumed the persistence
length 0.2 = o3 in all of the calculations of this paper. X2 and
X3, the reaction success probabilities, are chosen as less than
or equal to 0.001, according to arguments of AW. This is a
diffusion-limited reaction theory in which reaction control
was brought about by a low reaction probability. This re-
sults in low but equal probabilities for 2D and 3D systems.
Potential changes of the reaction probability that may be
caused by a change of probe or target size are not addressed
in this model.
The value for the Brownian persistence distance of a
spherical particle, a., is equivalent to the Brownian mean
square displacement and can be derived from the Langevin
approach (Russel, 1981):
(C2 2)1/2=-'kTR(
where k is Boltzman's constant, T is the absolute tempera-
ture (K), m is the molecular weight of DNA, Rg is the radius
of gyration of DNA, and q is the viscosity of water. It
appears legitimate to use the Langevin approach to calculate
the Brownian persistence distance of the single-strand DNA
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particles, which have the structure of a random coil or
wormlike chain and for which a has the same physical
meaning as for any Brownian particle (the distance traveled
by a particle between collisions). First of all, Brownian
motion can be applied to small particles ranging from 1 nm
to 10 Am (Russel, 1981). All of the DNA molecules used in
our calculations fall within this range. Furthermore, it is
well known that DNA molecules behave as Brownian par-
ticles in solution, from the results of computer simulations
(Dwyer and Bloomfield, 1993) and experimental studies
(Ferrari and Bloomfield, 1992; Gosnell and Zimm, 1993;
Liu and Giddings, 1993). For example, Bloomfield et al.
applied a Brownian dynamics algorithm to simulate the
diffusion coefflcient of DNA molecules by modeling DNA
as a wormlike chain of hydrodynamically equivalent spher-
ical frictional elements. They correctly calculated the 3D
diffusion coefficient of 160 base-pair DNA. Although the
multi-point binding between DNA target and its comple-
mentary probe is very complex, a simple collision mecha-
nism between the two complementary molecules still ap-
plies in heterogeneous hybridization as long as DNA
behaves as a Brownian particle. The exact dynamics of
these flexible polyelectrolytes could be solved for by appli-
cation of the mean field theory (Granfeldt et al., 1992), but
our enhanced AW theory based on the Brownian properties
of DNA should give a reasonable estimate for this hetero-
geneous reaction-diffusion process.
Rg is either estimated from molecular simulations or
calculated from experimental data by other groups (Bloom-
field et al., 1974; Dwyer and Bloomfield, 1993; Ferrari and
Bloomfield, 1992; Garcia de la Torre et al., 1994; Gosnell
and Zimm, 1993; Liu and Giddings, 1993; Strasburger and
Reinert, 1973). For a solution containing a random coil
polymer of DNA with more than 1000 bases, the radius of
gyration can be estimated as follows (Bloomfield et al.,
1974; Gosnell and Zimm, 1993):
Rg = (L - 3a)(2 )] (7)
where L is the contour length of the coil and is assumed to
be 0.34 nm per base pair (Bloomfield et al., 1974), a is the
persistence length of the coil, which is equal to 50 nm
(Gosnell and Zimm, 1993), and E can be estimated as 0.05
at very low Na+ concentrations (Gosnell and Zimm, 1993).
For other DNA molecules, the experimental values of the
hydrodynamic radius (d/2) of DNA were measured and
converted to a root mean square radius of gyration Rg
by applying the Flory correlation (Flory, 1953; Liu and
Giddings, 1993):
d
0.665Rg= (8)
The value of the equilibrium constant Ke for nonspecific
adsorption was calculated from adsorption isotherms of 36
mers on glass surfaces as determined by Kosicki et al.
(Eggers et al., 1994; Lamture et al., 1994), which supports
a Langmuir model. We have also seen Langmuirian adsorp-
tion in initial adsorption studies of single-stranded DNA on
bare glass (unpublished result). Ke was found by applying a
simple Langmuir equation that describes many cases of
polymer adsorption very well (Adamson, 1990):
Ke[DNA]
DNA
-
1 + Ke[DNA] (9)
where [DNA] is the concentration of DNA in solution and
ODNA iS the surface coverage (moles/cm2) of adsorbed
DNA. At very low [DNA] in most hybridization situations
(Pease et al., 1994; Southern et al., 1992) this reduces to
0DNA = Ke[DNA] (10)
Thus Ke is just the experimental slope of DNA surface
concentration versus solution concentration plot as
[DNA] ->0. The maximum Ke for other DNAs can be
roughly estimated by assuming that only one monolayer of
DNA is nonspecifically adsorbed on the surface and is in
equilibrium with the DNA in solution from Eqs. 1 and 9:
1
Ke=4R4R[DNA]equilibrium (1 1)
where [DNA]equi1ibnium is the concentration of DNA in so-
lution that is in equilibrium with adsorbed DNA on the
surface. These equations appear valid because nonspecific
adsorption of DNA molecules on glass or silica is reversible
(as opposed to irreversible specific adsorption). This phys-
ical property is widely used in a commercially available
DNA purification technique using so-called glass milk
(Boyle and Lew, 1994; Vogelstein and Gillespie, 1979).
This is a method of purifying DNA from an agarose matrix
after electrophoresis. The agarose-DNA mixture is dis-
solved in a buffer with high NaI concentration (3 M) and
mixed with a suspension of small glass particles. The ad-
sorbed DNA is then eluted with good efficiency (90%) by
suspending the mixture in a buffer with a lower ionic
strength. It has been calculated from the experimental data
of Vogelstein et al. (1979) and Boyle and Lew (1994) that
as much as 0.2 pkg/cm2 ofDNA can be adsorbed on glass or
silica surfaces. Both large DNA (48,000 bp) as well as small
DNA (100 bp) can be recovered by this method.
The experimental values of the diffusion coefficient for
various sizes of DNA molecules in solution were obtained
from published experimental and simulation data (Bloom-
field et al., 1974; Dwyer and Bloomfield, 1993; Ferrari and
Bloomfield, 1992; Garcia de la Torre et al., 1994; Gosnell
and Zimm, 1993; Liu and Giddings, 1993). They range from
1.88 X 10-6 cm2/s for 6 base pairs to 0.9 X 10-8 cm2/s for
40,461 base pairs. We should caution the reader that these
do not appear to be totally in agreement (especially the 3D
diffusion value for 160 bp DNA), but we have used them in
the absence of better information. Diffusion coefficients for
double-strand DNA were applied in the calculations be-
cause there are nearly no diffusion data on single-strand
DNA in the literature. Although real hybridization experi-
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Volume 69 December 1995
ments utilize single-strand DNA, our results include a wide
range of diffusion parameters and thus should apply to
single-strand as well as double-strand DNA.
Capture rate prediction
It is important to know how the rate of the hybridization or
capture per unit area (mole/cm2-s) changes with the density
of the DNA probe array. In general, the maximum capture
rate per unit area of a molecule by a spherical perfect
adsorber with a as the radius was defined by Berg and
Purcell (1977).
D3CO (12)
a
When there are dispersed uniform sinks with s as the radius
embedded in the full reflectance surface of a sphere, the
total capture rate per unit area is equal to
D3CO( Ns
a (Ns+1Ta) (13)
Thus the actual rate term is a product of the maximum rate
and a term that varies from 0 (Ns << ra) to 1 (Ns >> wa).
It must be noted that the effects of nonspecific adsorption
and surface diffusion are not considered in Eqs. 12 and 13.
Wang et al. (1992) solved for the capture rate per unit
area of dispersed uniform sinks that are perfect adsorbers
embedded in the center at the bottom of a cylinder that
allows nonspecific adsorption and surface diffusion.
4H '7TD3CO(14)
4H
Because there is likely to be some reaction limitation in
heterogeneous hybridization as discussed previously, we
will concentrate here on dispersed sinks (immobilized
probes) with a combined reaction-diffusion limitation. The
hybridization or capture rate per unit area can be directly
determined from the other defined parameters (Appendix C)
and is an extension of the original AW theory.
7T-ID3CO
Jtotal = YFmCs = 4H (15)
where Jtotal iS the total hybridization rate per unit area
(moles/s-cm2). Jtotal is not directly a function of the concen-
tration of the surface probes, but depends on the global
efficiency, which is a highly nonlinear function of Rb. Jtow
is an experimentally measurable parameter. The intrinsic
reaction limitation enters the calculation through its effects
on the global efficiency. Global efficiency has practical
importance in designing an efficient DNA chip because it
directly dictates the time scale required to obtain a detect-
able signal in the hybridized device. This correlation is valid
when there is an excess amount of target in solution and
only a small fraction of the immobilized probes have hy-
bridized with the targets.
Experimental surface diffusion values for DNA mol-
ecules and rate constants for nonspecific adsorption/desorp-
tion on the surface such as those that are now being mea-
sured in our laboratory will be required for accurately
predicting the effect of the reduction of dimensionality
phenomenon on the overall rate of hybridization. Until such
data are available, we have expressed these theoretical re-
sults over a range of parameters expected to cover all
physically realizable values.
RESULTS
We calculated f2, q, and y for various sizes of target and
probe DNA. In our calculations, Un, Xn, Dn, Keg Rb, Ra, and
kd explicitly depend on size. We then define a scaling
correlation for optimal probe density and compare our cap-
ture rate prediction with published experimental values.
Effect of target DNA molecular weight
It is interesting to investigate the effect of the target size on
the hybridization process. Transport parameters for several
lengths of DNA were obtained from the literature (Bloom-
field et al., 1974; Dwyer and Bloomfield, 1993; Ferrari and
Bloomfield, 1992; Garcia de la Torre et al., 1994; Gosnell
and Zimm, 1993; Liu and Giddings, 1993; Strasburger and
Reinert, 1973), and others were calculated as discussed in
the Theory section. These parameters are shown in Table 1.
It must be noted that these diffusion coefficients are not
perfectly correlated with their corresponding molecular
weight because they are derived from different computer
simulation and experimental methods.
Fig. 2 A shows the 2D fractionf2 plotted as a function of
kd for DNA molecules ranging from 6 to 40,461 bases in
length. The immobilized probe was fixed in length at a 14
mer in all calculations; this ensures one unique perfectly
complementary sequence on average in targets up to 40,461
bp in length, i.e., in 414. It was assumed that the experimen-
tally achievable maximum surface coverage of immobilized
14 mers is 8.3 X 10-13 moles/cm2 (Rb = 7.07 X 10-7 cm)
for the case in Fig. 2 A. In Fig. 2 A, f2 versus kd, the 2D
fraction f2 increases nearly 100-fold in a range of nonspe-
cific desorption rates between 1 and 10,000 s- 1 for the
smallest DNA targets when the equilibrium adsorption/
desorption constant is kept constant. The data indicate that
the 2D fraction decreases with increasing target size when
kd is between 10 and 108 s- . There is a fractional change
inf21tT of 0.9 as the DNA size changes from 40,461 to 6 nt.
When the 2D diffusion coefficient is of an order of magni-
tude similar to that of the 3D diffusion coefficient (for
example, 1.88 x 10-6 cm2/s in the case of 6 mers), mole-
cules that arrive at the probe because of surface diffusion
dominate the overall process. DNAs of any larger size
approach a maximal 2D fraction at higher kd, but the actual
maximum value of the 2D fraction of any given DNA
molecule is directly related to its size. This occurs because
Biophysical Journal2248
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TABLE I Transport parameters of DNAs in free solution
3D diffusion Radius of gyration Persistence
Base pairs coefficient* (Rg)t lengtht
(#) (10-8 CM2/S) (10-8 cm) (10-10 cm) Reference
6 188 9.5 15 Garcia de la Torre et al., 1994
30 90 39.3 6.7 Garcia de la Torre et al., 1994
160 6.91 254.4 2.4 Ferrari and Bloomfield, 1992
2686 3.8 1190 2.1 Gosnell and Zimm, 1993
4373 2.7 1600 1.99 Gosnell and Zimm, 1993
5996 2.2 1910 1.96 Gosnell and Zimm, 1993
10,600 1.69 2620 1.89 Liu and Giddings, 1993
21,692 1.1 3864 1.84 Liu and Giddings, 1993
40,461 0.9 5386 1.8 Strasburger and Reinert, 1973
*3D diffusion coefficients were directly taken from the references.
tRadius of gyration and persistence length were calculated from Eqs. 5-7.
both the speed of 2D diffusion and the dynamics of adsorp-
tion and desorption are directly related to the molecular
weight of the polymer. Direct hybridization from 3D pro-
cesses is slower in comparison to hybridization from 2D
diffusion for small DNA molecules.
Fig. 2 B shows the effect of the surface density of
immobilized DNA probes on the 2D fraction at a constant
value of kd (104 s-1). The 2D fraction is very sensitive to
decreases in probe density (increased Rb) because the size
of the nonspecific adsorption region increases. An increase
of the molecular weight greatly decreases the 2D fraction of
the DNA because the adsorption/desorption equilibrium
constant decreases according to the size exclusion principle.
The 2D fractions for the largest DNA (40,461 bases) can be
1/10 those for the smallest (6 bases) when the immobilized
surface density becomes relatively small (coverage < 4.1 X
10-13 moles/cm2, Rb > 10-6 cm). This indicates that trans-
port and adsorption properties can greatly affect the kinetics
of heterogeneous hybridization.
Fig. 2 C shows the hybridization enhancement resulting
from the reduction in dimensionality RD enhancement for
solution-phase DNA of different sizes at a kd of 104 s- .
The results reveal that the enhancement is very small at very
high concentrations of immobilized probes in all cases,
although at low surface coverage an increase in target
molecular weight can greatly reduce the RD enhancement.
The RD enhancement is about 7,000-fold higher for the 6
base case compared to the 40,461 base case. This change
can be attributed to the decrease of Ke and diffusion coef-
ficient as the molecular weight of DNA increases. It may at
first seem incongruous that the 2D fraction in Fig. 2 B can
be high while the RD enhancement in 2 C is low (for small
DNAs and low Rb values). However, in such cases, the
surface packing ofDNA probes has become so high that the
process is limited simply by the speed of target diffusion
from bulk solution (high global efficiency; see below).
The dependence of global efficiency on Rb for DNAs of
different molecular weight is seen in Fig. 2 D. Note that
here the size of the diffusing DNA has little effect, except
for the smaller sizes. The global efficiency decreases with
increasing molecular weight and decreasing diffusive rate
when Rb is larger than 5 X 10-5 cm (surface coverage <
1.66 X 10- 16 moles/cm2) because of the strong dependence
of RD enhancement on molecular weight in smaller DNA.
At very low surface concentrations, the global efficiency
and the hybridization rate per unit area of a 6-base
single-stranded DNA can be 10 times and 2,088 times
higher, respectively, than those of 40,461 bases, accord-
ing to Eq. 15.
Effect of the size of immobilized DNA
In a further set of calculations, the DNA in free solution was
held at 160 bases, and the size of immobilized DNA was
changed from an Rg of 9.5 X 10-8 cm (6 bases with
maximum density of 2.76 X 1012 molecules/cm2) to 5.39 X
10-5 cm (21,692 bases with maximum density of 8.6 x 107
molecules/cm2). The value of kd was set at 104 s-1, a 2D
diffusion coefficient 6.9 X 10-8 cm2/s was assumed for 160
mers, and the reaction probability in both dimensions was
set at 0.001. 0U2,3 is equal to 2.4 x 100-1 cm, and H is equal
to 10-3 cm. Fig. 3 A shows the plot of the 2D fraction
plotted against Rb for different sizes of immobilized DNA
molecules. The 2D fraction approaches a minimum of 0.05
with 21,692 base immobilized DNA because in this case the
fractional area for nonspecific adsorption/desorption is
greatly reduced and direct hybridization through 3D diffu-
sion from the solution becomes the dominant mechanism. It
must be noted that each curve starts at a different value of
Rb because its starting point is directly related to the size of
the immobilized target.
Fig. 3 B shows the RD enhancement versus Rb for the
same cases. The results show that the size of immobilized
DNA affects the mechanism in heterogeneous hybridiza-
tion. RD enhancement ranges from 30 when 6 mers are the
probes to 1 when 21,692 mers are probes because larger
immobilized DNA molecules allow much less space for
nonspecific adsorption/desorption. RD enhancement would
be even more significantly reduced if the effect of steric
hindrance on the surface diffusion process is taken into
account.
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FIGURE 2 Effect of the molecular weight of the target DNA. (A) 2D fraction f2 as a function of nonspecific desorption rate kd for various target sizes
(Rb = 7.07 x 10-7 cm; Ra = 1.9 x 10-7 cm; X = 0.001; H = 10-3 cm. D3, D2, and 2, 3 for probes of 160 to 40,461 bases are listed in Table 1. Values
of Ke are calculated from Eq. 16. Sizes of free DNA in decreasing order are 40,461; 21,692; 10,600; 5,996; 4,363; 2,686; and 160 bases). Increasing the
DNA molecular weight decreases f2. (B) f2 as a function of inter-probe spacing Rb for various target sizes (kd = 104 s - and other constants are the same
as those used in A). Increasing the DNA molecular weight decreases f2. (C) RD enhancement r as a function of Rb for various target sizes. All constants
are the same as those used in A. Increasing the size of DNA target decreases q. (D) Global efficiency y as a function of Rb for various target sizes. Other
constants are the same as those used in A. Increasing the size of DNA target decreases y when Rb is larger than 10-5 cm.
Fig. 3 C shows the global efficiency versus Rb. The graph
indicates that a global efficiency reaches 1.0 as the amount
of immobilized DNA on the surface increases, but the
values of Rb at which this occurs vary with the probe size.
The values of Rb and the probe density for optimum hy-
bridization as well as the maximum packing density of
different probes are listed in Table 2.
A scaling correlation for probe density
In Fig. 3 C we define a optimal probe density for efficient
capture, 0', as that value when the global efficiency first
deviates from unity by 1%. Table 2 shows the value of 0'
needed to achieve efficient capture. This density is com-
pared with that of the closest packing. When this minimum
target density is plotted against probe size on log-log axes,
Fig. 4 shows that a linear relationship is found. These data
suggest a direct scaling correlation for designing an opti-
mum system of heterogeneous hybridization:
(16)
C 1.37
where C1 is the minimum surface coverage and WI is the
molecular weight or number of bases needed to attain effi-
cient capture, and C2 and W2 are a pair of unknown values
for these variables. Using the values in Table 2, the optimal
surface coverage for any probe size can be predicted with
Eq. 13. Actual data for Cl and WI, when available, should
prove more useful than the theoretical values in Table 2.
We can apply this correlation to find the maximum size
of probes that can be used for sequencing by hybridization,
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FIGURE 3 Effect of molecular weight of probe DNA. (A) 2D fractionf2 as
a function of inter-probe spacing Rb for various probe sizes (aDNA size of 160
bases in solution is maintained for all calculations. Values of Ra from Table 1:
kd = 104 s-1; X = 0.001; D3 = D2 = 6.91 x 10-8 cm2/s; H = 10-3 cm; r2,
30f 160 bases = 2.4 X 10- 10 cm). Increasing the size of the DNA probe
greatly reducesf2. (B) RD enhancement qj as a function ofRb for various probe
sizes. Increasing the size of DNA probe reduces All constants are the same
as those used in A. (C) Global efficiency y as a function ofRb for various probe
sizes. All constants are the same as those used in A.
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TABLE 2 The minimum value of surface density of
immobilized DNA needed to reach maximal efficiency in the
reaction limited regime
Distance Minimum Closed packed
Base between probes efficient coverage surface density
pair (#) (10-5 cm) (10-16 moles/cm2) (10-16 moles/cm2)
6 1 41.5 46,000
30 4 2.59 29,600
160 10 0.416 642
2,686 100 0.00416 29.3
21,962 250 0.00066 1.43
signal-to-noise ratio (SNR) of 50 when a duplex density of
3.24 X 108 molecules/cm2 is reached on the surface. This
result is calculated from the experimental data of Eggers
et al. (1994) in calibrating the SNR of various detection
techniques against the signal. By using the optimum probe
density of 6 mers (2.5 X 109 molecules/cm2) from our
calculation as C1 and the minimum detectable duplex den-
sity as the lower limit of C2, we determine from Eq. 16 that
the maximum probe size for optimal hybridization within
the detection limit of the gas phase array detector is 26 mers.
When a more sensitive technique such as a direct CCD chip
detector (Eggers et al., 1994; Lamture et al., 1994) with
much higher SNR is applied in the detection of the duplex
formed, the maximum size of probe could be as large as
1400 nt for a SNR of 50.
Comparison with experimental data
This theoretical study of DNA hybridization on a glass or
silicon surface led to a flux expression (Jtow) that suggests
a direct correlation between the global efficiency and the
hybridization rate per unit area. The expression for the
hybridization rate per unit area correctly predicts within a
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mutation detection, etc., within the limit of detection by
various techniques. For example, a conventional gas phase
array detector of radioactivity can achieve a reasonable
FIGURE 4 Scaling correlation for probe density to obtain maximum
efficiency with minimal coverage. The optimal probe density for efficient
capture is the value when the global efficiency deviates from unity by
1% and was obtained from Fig. 3 C. The least-squares line is given
by y = - 1.3661x - 13.442 with a regression coefficient R = 0.996.
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factor of 2 the magnitude of the quantity of hybrid formed
on a glass surface between a 12 mer target and a 12 mer
probe after 5 min at 15°C (Maskos and Southern, 1992).
The amount of hybridized DNA target was measured by
radioactivity and was found to be 7.3 X 10-14 mol/cm2,
whereas the predicted quantity, calculated from Eq. 15, was
1.84 X 10 13mo1cm2 (D2 3 = 94X 10 8 cm2/s; H = 10-3
cm; y = 1 and Co = 10-8 M).
DISCUSSION
We have developed a model of combined diffusion-reac-
tion-limited heterogeneous DNA hybridization. It was
shown that hybridization of DNA molecules from the solu-
tion phase to the immobilized complementary DNA probes
is an efficient process when the DNA surface density and
surface diffusion coefficient are sufficiently high. Reduc-
tion of dimensionality processes enhance the overall hybrid-
ization rates, except in the case of very high surface density
or extremely slow surface diffusion processes. One of the
experimental proofs on RD enhancement was provided by
Gaspers et al. (1995) for the hydrolysis of surface immobi-
lized peptides by adsorbed collagenase. They found that the
intrinsic reaction rate for the enzymes on the substrate-
coated surface was higher than the value measured in solu-
tion.
There are published data comparing 2D and 3D diffusion
values for some biomolecules on artificial surfaces such as
glass and polymers. The ratio of 2D to 3D diffusion coef-
ficients for proteins is on the order of 0.0003 to 0.01, as
determined from the experimental data of various groups
using total internal reflection microscopy and fluorescence
recovery after pattern photobleaching in different systems
(Burghardt and Axelrod, 1981; Gaspers et al., 1994; Huang
et al., 1994; Tilton et al., 1990a,b). These included the
diffusion of adsorbed bovine serum albumin at a quartz
surface (Burghardt and Axelrod, 1981); collagenase on
2-furanacryloyl-L-leucylglycyl-L-prolyl-L-alanine (FAL-
GPA) peptides attached to a glass surface (Gaspers et al.,
1994); bovine serum albumin at polymer surfaces (Tilton
et al., 1990b); and bovine prothrombin fragment 1 on a
supported lipid membrane (Huang et al., 1994). When Fig.
2 C is compared with Fig. 2 B, it is clear that most DNA
hybridization is the result of the nonspecifically adsorbed
molecules, even in regimes with very low RD enhancement
when the 2D diffusion coefficients of target DNA molecules
were between 9 x 10-9 and 1.88 X 10-6 cm2/s. In other
words, the magnitude of the surface diffusion coefficient
dictates the type of hybridization kinetics, namely direct 3D
hybridization or 2D hybridization.
One of the most important results in this model is the
global efficiency, because it directly indicates the rate of
hybridization per unit area. From Fig. 2 D, one can find that
-y (and thus the rate of hybridization per unit area) is an
increasing function of the surface diffusion coefficient of
maximum value at a certain Rb value. Furthermore, -y is a
decreasing function of the target size. Capture is a diffusion-
limited process for a wide range of probe densities or Rb
values due to the RD enhancement. This can be explained
by the large decrease of RD enhancement through slower
2D diffusion and resulting hybridization when the surface
has a very low number of immobilized probes. Thus when
there are sufficient dispersed probes, the surface behaves
biophysically almost as efficiently as a uniformly adsorbing
surface because of the combined benefits of 2D and 3D
diffusion. The practical upper limit on Rb (minimum surface
concentration) is set by two considerations: 1) the value at
which the global efficiency begins to decrease from unity;
2) the value at which an insufficient signal is generated for
reliable detection.
One may not need a high density of immobilized DNA to
achieve an efficient hybridization process provided that Ke
and D2 have appropriate values. It is known from experi-
mentation and computer simulations that 2D diffusion of
proteins on surfaces becomes much slower when the surface
concentration of diffusing enzymes increases (Gaspers
et al., 1994; Saxton, 1982; Tilton et al., 1990a). Raising the
target concentration in the hybridization solution to force
more target DNA to be adsorbed on the surfaces may not be
advantageous because the actual hybridization rate might be
controlled by 2D diffusion. Our calculations show that
reduction of dimensionality remains significant in practical
heterogeneous hybridization even when the 2D diffusion
coefficient is 100-fold smaller than the 3D diffusion coef-
ficient (data not shown), as has been suggested by the
experimental values of biomolecular diffusion on solid sur-
faces (Burghardt and Axelrod, 1981; Gaspers et al., 1994;
Huang et al., 1994; Tilton et al., 1990a,b).
To optimize the utility of various biotechniques (e.g.,
sequencing by hybridization, mutation detection, etc.) that
are based on the principle of heterogeneous hybridization, it
is important to determine the most appropriate size of DNA
to be used as targets as well as the most appropriate hybrid-
ization conditions. From Fig. 2, A-D, it was shown that RD
kinetics becomes more important when the molecular
weight of the solution-phase DNA decreases. This result
follows both from a change in the nonspecific adsorption/
desorption equilibrium constant and from the surface diffu-
sion coefficient, which is assumed to decrease in the same
manner as the 3D diffusion coefficient with an increase in
size. The actual process would be close to this calculation
because it is well known that adsorption dynamics is a
size-dependent process (Gaspers et al., 1994; Tilton et al.,
1990a,b) and the assumption of maximum DNA packing is
appropriate, as shown by experimental data for the nonspe-
cific adsorption of DNA (Eggers et al., 1994, and unpub-
lished results recently obtained in our laboratory) on bare
glass, silanized glass, and silicon surfaces. However, one
might not be able experimentally to vary kd and the 2D
diffusion coefficient independently. If the actual molecular
mechanism of surface diffusion involves "site hopping" or
target DNA and of the density of probes until it reaches a
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some similar process, the adsorption/desoiption rate con-
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stants may be inextricably linked to the surface diffusion
constant.
The data from Fig. 3, A and B, show that an increase in
the size of immobilized DNA molecules greatly hinders the
2D diffusion and reaction processes as the 2D fraction and
the RD enhancement factor decrease. This results from a
large reduction in the fractional area for nonspecific adsorp-
tion of DNA targets. From Fig. 3 C, it was shown that
different sizes of immobilized DNA can achieve the same
global efficiency when a 160-base DNA was the target. The
global efficiency is the ratio of the actual hybridization rate
per DNA probe to the rate of diffusion of a given DNA
target to a surface covered by perfect sinks. From the results
of Eq. 15, it was shown that the same values of global
efficiency on different curves imply the same absolute rates
of hybridization because of their proportionality for a given
target size. Therefore, heterogeneous hybridization is an
equally efficient process when there is a sufficient density
of immobilized DNA for a wide range of DNA molecular
weights. It becomes a molecular weight-dependent process
when there is a lower density of immobilized probes on the
surface. Thus, one of the big challenges in the application of
this new technology is to improve the rate of the transport
of target DNA from the solution to the surface, as shown by
this combined reaction-diffusion limited theory.
The log-log plot of minimum surface coverage for effi-
cient hybridization versus molecular weight of immobilized
DNA (Fig. 4) was correlated with a straight line by the
least-squares method. This yields a scaling correlation for
the design of the least expensive and most efficient DNA
chip (in terms of moles of DNA required). It must be noted
that the quantity of immobilized DNA needed to reach the
maximal hybridization efficiency is typically around
10,000-fold smaller than that needed to achieve the close
packed surface density of a monolayer. This result implies
that one does not require the highest possible density of
immobilized probes to achieve an efficient solid-phase hy-
bridization process.
It is not desirable to achieve high hybridization rates by
just increasing the surface probe concentration for at least
two reasons. First, DNA is expensive and many of the
applications envisioned for this technology demand low
cost. Second, increased nonspecific hybridization may be
seen at high densities. A target that is not complementary to
the probe may be counted as a signal when it partially
hybridizes simultaneously to two neighboring probes. Such
phenomena have been observed (S. P. A. Fodor, personal
communication). Furthermore, it is likely that conditions
can be found such that DNA can be effectively adsorbed
and can diffuse on the non-probe-covered regions of the
"DNA chip." This would enhance the hybridization rate at
lower concentrations of immobilized probes.
This theory gives some surprising but testable predictions
for the effects of probe density, nonspecific adsorption,
target size, and concentration on target capture by immobi-
lized oligonucleotide probe arrays. We predict that opera-
maximize capture while minimizing reagent costs and in-
correct hybridization (i.e., partial hybridization of a target
simultaneously to two closely spaced probes). This predic-
tion presumes that 2D diffusion can take place efficiently.
As suggested earlier, this may require a moderate adsorption
constant, not so weak as to limit the surface concentration
nor so strong as to prevent movement (our experimental
measured value of Ke is about 2.5 X 10-5 cm and should be
appropriate for effective adsorption and diffusion). Investi-
gators may wish to set up conditions under which 2D
diffusion can occur to test this hypothesis. Physical ways to
decrease H, the distance from the surface at which the target
concentration is at its bulk value, are also predicted to
improve the capture rate. Such means might include stirring.
Smaller DNA fragments diffuse faster than large ones.
Because higher 2D and 3D diffusion constants were found
to enhance hybridization in many cases, it may be beneficial
to cut the target DNA into small fragments by enzyme
digestion or make small fragments of DNA by PCR before
carrying out heterogeneous hybridization.
A scaling correlation between the molecular weight of
immobilized DNA and its minimum surface coverage to
reach the maximal reaction-limited rate in heterogeneous
hybridization was presented. This allows the prediction of
an appropriate size for an oligonucleotide to be immobilized
on the surface for various detection schemes. These results
provide a powerful tool for understanding heterogeneous
hybridization at a more fundamental level and designing a
DNA chip in a more logical manner.
CONCLUSIONS
This analysis has provided considerable insight into the
process of heterogeneous hybridization, an important
new analytical technique that is almost certain to become
extremely important within the next 5 years. We have
shown that for rapid and efficient hybridization, the
solution-phase (target) DNA that is diffusing to the
probe-covered surface should be small (ideally 100 bases
or less). It is very desirable to achieve a high level of
hybrid pair formation in the minimum time and to form
hybrids that do not include mismatch or multiple partial
match sequences. Our analysis reveals that sparse surface
probe coverage can often be just as fast as a complete
monolayer of probe under the appropriate conditions. A
large distance between surface probes in such a case will
simultaneously decrease the probability of multiple par-
tial matches by a large target (bridging) and the resulting
incorrect hybrid formation. The conditions that permit
good efficiency with sparse coverage are those that allow
surface diffusion of the target from a nonselective but
adsorptive region to the sparsely dispersed probes. There-
fore, one should try to create conditions conducive to
surface diffusion and to ensure that the probes are uni-
formly distributed rather than being clustered in island
tion in a regime where global efficiency just reaches 1.0 will
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regions. Sparse probe coverage may also provide some
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cost benefits in DNA chip preparation because of the
quantity of reagents required or the decreased time of
reaction, although this consideration is expected to be of
secondary importance. We provide a scaling correlation
that predicts just how far apart the individual probe
molecules can be while still providing maximal effi-
ciency. Finally, the equations implicitly predict that good
stirring (small H) will be beneficial. Graphical results
were not presented for different degrees of stirring, but
these can be generated easily for any desired specific H
values.
APPENDIX A
The reaction-limited model of
heterogeneous hybridization
The total hybridization rate F, consists of that due to the direct probe-target
collision plus that due to nonspecific adsorption followed by surface
diffusion:
Ft = F2D + F3D (Al)
where F2D and F3D are the hybridization rates that occur through 2D
diffusion and direct 3D diffusion, respectively. The Brownian dynamics
model of ligand-receptor binding is adapted here (Axelrod and Wang,
1994). The collision rate (l/s) of a Brownian solute in free solution, which
is the single-strand DNA, with a surface having unit area is
R (V)3C3 F3D (A2)R3D= 4 X3
where C3 is the concentration of DNA molecules in solution (number of
molecules per unit volume) and (V)3 is the instantaneous average speed of
the Maxwell distributed molecules in three dimensions. As stated earlier,
DNA molecules can approach the target laterally after adsorbing on the
surface, and the rate of arrival per second per unit length is given by
R (V)2C2 F2D (A3)
2D 7 X2
where C2 is the surface concentration (number of molecules per unit area),
(v)2 is the 2D velocity of nonspecifically adsorbed DNA, and xn is the
successful hybridization probability per collision from either 2D or 3D
transport to the target. In general, the subscripts 2 and 3 are used to
represent two- and three-dimensional quantities throughout.
For any Brownian molecules, their velocity in any dimension is finite
and correlated by
(V)n = EnOCn (A4)
where en is the frequency of collision experienced by a single particle and
o(n is the Brownian persistence distance. The effective diffusion coefficient
of Brownian particles in any dimension can be defined as
EnU2
Dn - (A5)
where n is the dimensionality. The 2D and the 3D hybridization rates can
be expressed in terms of the diffusion coefficient, the successful hybrid-
ization probability per collision from either 2D or 3D transport to the
target, and other measurable or calculable parameters:
F2D 8X= RD2C (A6)
072
F (31T/2)X3RaD3C3 (A7)F3D-~~~07
It is assumed that immobilized DNA irreversibly binds to the complemen-
tary molecules when a successful collision occurs. The 2D collision flux
and total collision flux are then given by
F2D = T(R - R)(kaC3-kdC2) (A8)
2D b a
Ft H (Co-C3) (A9)
where the 2D hybridization rate is directly proportional to the amount of
nonspecifically adsorbed DNA and the total hybridization rate includes
both processes. CO is the concentration of free DNA far away from the
surface and C3 is the concentration of free DNA at the surface.
APPENDIX B
Total hybridization or capture rate per unit area
The total hybridization rate per DNA probe can be expressed in terms of
the global efficiency and the adsorption rate per probe according to Eq. 12:
F t =V'Fm (12)
The adsorption rate per probe is equal to the flow rate per probe (Fm,
moles/s) that occurs when the entire glass or silicon surface is a perfect
adsorber of DNA targets in solution (Axelrod and Wang, 1994).
Fm = (B1)
From Eq. 1, the density of the immobilized probes can be expressed in the
following form:
s 4R2 (B2)b
The total hybridization rate per unit area is simply the product of the
hybridization rate per probe and the density of the immobilized DNA
probes on the surface.
7TY'D3C0 (B3)~Jtow = FtCs = 4H
It is shown that the hybridization rate per unit area (moles/cm2*s) is directly
proportional to the global efficiency as H, D3, and CO are constants.
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